2011 John OO’Bryan Mathematical Competition
Junior-Senior 5-person Team Test

Abbreviated Instructions: Answer each of the following questions using separate sheet(s) of paper for each
numbered problem. Place your team letter in the upper right corner of each page that will be turned in (failure
to do this will result in no score). Problems are equally weighted; teams must show complete solutions (not
just answers) to receive credit. More specific instructions are read verbally at the beginning of the test.

1. Two identical squares overlap with the corner of one square at the center of the other.

a. Find the proportion of the area of each square that is in the
overlapped section.

b. Prove that the proportion of area in part (a) is independent of
the relative positions of the two squares.

c. If we replace the squares by identical equilateral triangles,
with the corner of one at the center of the other, is the overlap
still independent of relative positioning? Explain!

. Two railroad cars (labeled A and By arc in a

siding as shown. An engine (labeled E) is on
the main track as shown. Either end of the
engine can hitch to cither end of each car to
pull (or push) it. Of course the cars may be
hitched together as well. While each car will
fit alone onto the spur, there is not room for
two cars, nor for the engine, on the spur. Can

the engine switch the position of the two cars

while also ending at the same location on the
main track where it started?

. The Fibonacci numbers begin 1, 1, 2, 3, 5, 8, ..., where each element is the sum of the previous two
elements.

Which Fibonacci numbers are even?

Prove your result from part (a).

Which Fibonacci numbers have 3 as a factor?
Prove your result from part (c).

po o

. As a decimal, the fraction %7 has a repetend (the part that repeats) that begins after the decimal point and

is 96 decimals long. If the last three digits of the repetend are A67, compute A.

Let a and b be two randomly chosen positive integers (not necessarily distinct) chosen such a <100 and

b<100. What is the probability that the units digit of (3" +7"} is 67

. What is the largest positive integer » such that 2011! is divisible by 15”2 Note: 2011! is the product of

every positive integer less than or equal to 2011. For example, 6!=6x5x4x3x2x1=720.

L If sinx+cosx:%, find the value of (sinx)4 +(co-sx)4.



Y. Town identical squares overlap with the corner of one square st the center of the other,
2. Find the propoction of the arex of each square that is in the overlapned section.
b. Prowe that the proportion of ases in part a is independent of the refative positions of the tvo squares
©. ¥ we replace the two word aquares by identical aqualateral trisngles, with the cormer of one at the ceatsr of the ofher, i the overlap skill independent of relative prsitioning? Explain
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& By rotaling the lower rectangle we zes the area iz obviously 1/d of the area of the squares:

b. In the following pickurs the two filled friangles have the same area, thus shewing that fhe overlap srea is one-quarter of Ens total ares,

& No, the overlap now changes area. This i sasiest s2en by lodldng at riangles inthe bwe confizuasations shown, The top triangle contains bwice the ovarlap-area of the battom triangle. T have irissctected each side of the center triangle and
cennscied alf such peints with straight lines to form nine congruent riangles,
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Esther end of the engine can hitch o sither snd of each car to pull {or puski} it. OfF courze, the cars can be hitched togatharas weltf) :

1 Usp the engine bo movs car A dows to the straight frack and push to the far fght

L. Leaving car A where it 45, move the engine up to car B and pushit onto the spur.

3. Ushitch car B, move the sngine down 10 the straight track, back fo the et and up to where car B waits on Ehe spur.
4. Hitch to car B, pull it down to the stralght track and then push it over to-car & on the far right. Btk to car &,

3. Puif both zars back to the loft and then push them up towards the spue. Stop with ear A on the spur.

8. Lishiteh car & (feaving it in the apur) and pull car B down fo car A% original position. Unhiteh car B.

7. Dicive the engine down to the straight track, then Sor fo the rishf, tharrup W the spus,

8. Pull ear A down to car Bz orighal position.

8, Baborn the engine fo Hs original position. Relax - you dessove it!
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& Which Fihonacct numbers are evan? ,
b Frove your result from part a.
€. Which Fibostaced mumbers have 3 21 a factor?
4. Prove your esult fom part e

2 Juat listing out Fibonasel nueibers we ses an chvicus pattern.

{1, i, 2, 3,5, &, 13, 21, 34, 55, &9, 144, 233, 377, 610, 987, 1597, 2584, €183, §765, 10348, 17711, 28457, 46368, 75025}
Every third number (starting with the third} is even.

b Let 7 denotethe n— thFibonacci mumber. We nead to prove that Fj , Js even, We procesd by induction on . We ses thet Fi iveven.

First assuming 5 1, iz even, we must showr that 7y ety = Fagey isoven, But Fapg = Fagun + Fager . Wealso have that Fyp0 = Fapag + Fap. Subbing this last expression for Fj psainto the previous axpression gives Fypa=2
Fagel + Fyp and since Fy iz even sois Fypaa. -

Mote: Anargument sing odd-odd=even can o be made,

¢. It appears that every fourth Fibonaord number s divisible byl

4. Anargument He in part b can be mads, 1 includs the main somprtation.

Fagey = Faped = Fapes + Fapsr ={Favaa + Pt} 4 {Fag1 + Fygy = Fapg + 2Fspsy + Fuy Nowteplace Fepaa by Fapar + Fag, giving Fypes =3 Fapar + Fap



4. Asa decimat the fraction %wﬁ arepetend {the part that repeals} that begins after the Secimal point and is 96 docimals Tong, I the last thres digits of the mpetend are AGT, compnuts A,

Weknow thal V97 =00ea 52 s 333 A87 - whers the stats replace many unknows digits. Since the repatend begins again after the last division, the remainder is a one. Thus 97 (0%***AGTH+1=100..0%. Writing out the muttiptication we
get 0. 487
%97
Bso
¢3¢0
+1
..... ¢ 80
whete D =TA+L. Thus (TA+$H+ endsinazero, 56 TA andsins 5. This impliey A=3.




5. Letzandb be two - not necessarily distinet - numbers from 1 to 100 {integars), What is the prohability that the units digit of 3% + Pin 67
H we look at the units digit of 3%, we get the securring pattem of 39,7,1 and for Pwe get 7933 (31 =3,3% 20,3 =27, 3% = 81, 3° = 243, eie)

H we sum thess possibilities saly the pairs {3.3), (8.7 254 (7.9) have uzits digit of 6. Ao the probebility is .W. = mmm-.



§. What iy the Jsrgest positve integer 1 such that 2011! s divisible by 1577

Biwee 15 =3 25 we need only find how many times sach of thees numbars divides into 20315 Sines 5 i the largar of the two fctors, we will Snd awt hosw many T theee are in 20311 - thers will be even mors 35
3 divides into 2011 02 times,
52 givides into 2083 80 times
5% divides into 20111 16 Hmes
5% divides into 20111 3 times.
3o there are H2+B0+16+3=501 factors of 5, and so of 15, in 20111
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We also have that I= ﬁmﬁw I+ oot ,HWM =sin® ¥ +eos? x & 2sin?

&. I+ .,.l_w.._fv&. E = anwv.. ‘
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